p-Adic refinable functions and
MR A-based wavelets

M. Skopina

St. Petersburg, Russia

(Jointly with V. Shelkovich)



Haar basis in real analysis

(i} Vulz) =29z + k), j,k € Z,

I, 0<zx<1/2,
Y(x)=4¢ -1, 1/2<z <1, A. Haar, 1910
0, otherwise.

p-adic analog of Haar basis

{%a } %a - /210 ( —&), a < Ip7j < Zv
(@) = x(Go)lz)). v=1,....p— 1,

L, 0<z<I,

Xp(u) - 627”.{u}p) Q<t> B { 0, otherwise.

17 ‘$|2 < 1/27
p=2 9a) = xell)e) = ~1, 1/2<[th <1

0, otherw:ise.
S.Kozyrev. 2002

Haar p-adic wavelets are eigenfunctions of
the p-adic pseudo-differential operators



Wavelet bases in real analysis

(i} Vulz) =29z + k), j,k € Z,

A general scheme for the construction of wavelet bases
was developed about 1990. This scheme is based on the
notion of multiresolution analysis

Y. Meyer and S. Mallat

Wavelet bases in p-adic analysis
{3} o) =pP (- —a),a € 1,5 € Z,
Ip:{a:]%, q=0,....p° =1, s=1,2,...}

We have a “natural” decomposition of @@, to a union
of mutually disjoint discs: Q, = Uaer,Bo(a).
So, I, is a “natural” set of shifts for Q,.

Conjecture: MRA theory can not be constructed in
p-adic analysis (J.J. Benedetto, 2004)



Definition A collection of closed spaces V; C L*(Q,),
j € Z, is called a multiresolution analysis (MRA)
in L*(Q,) if the following axioms hold
(a) V; C Vi forall j € Z;
(b) U V; is dense in L*(Q,);
JEZ
(c) 1 V;=10};
JEZ
(d) f(-) eV, <= f(p') € Vi for all j € Z;
(e) there exists a function @ € V; ( scaling func-
tion) such that the system {¢(- —a),a € I,} is an

orthonormal basis for Vj.
{p2p(p~ - —a),a € I,} ONBforV;, j € Z.
Wy=VineV;, JeZ,
feW, < flp™") e Wi, jeLi,
W; LWy, 3 #k, W; wavelet spaces

Vin=V,eW, oW &...0 W, o
axioms (b) and (c) — @ W; = L(Qy)

JEZ

Y € W, (wavelet functions).
{YyW)(- —a),a € I, v e A} ONB for W,
{(pPpW(p~/-—a),a € I,,v € A, j € Z} ONB L*(Q,);
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Refinement equation

Let ¢ be a scaling function for a MRA.

axiom (e) : @ € Vj

axiom (a) : Voch} —veh

Refinement equation

o= auplpt-—a), a,€C,

is necessary for V() C Vj, but not sufficient.

Since
By(0) = BLy(0)U('D BLy(r),

where By(a) = {z : |z — al, < p°}, we have

P! 1 r
p(r) =) ¢ (];:v——) , T€Q,

o p
whose solution is ¢(x) = Q(|x|,) is the characteristic
function of the unit disk By(0)
Conjecture: this is a "natural” refinement equation
for the p-adic Haar MRA. (A.Krennikov, V.Shelkovich
2006)



Construction of refinable functions

Now we are going to study p-adic refinement equations

and their solutions (refinable functions).

B(6) = my (pfl) Bp6).
where

pP—1
mo(€) == 3 By (k)
p k=0

is a trigonometric polynomial of order p* — 1 (mask).

If p(0) # 0, then my(0) = 1.

V; =span{o(p-—a):ac )}, jET

Theorem 1 If ¢ is a refinable function such that
supp ¢ C By(0) and the system {p(x —a):a € I,} is
orthonormal, then axiom (a) holds for the spaces V;
generated by ©.



Theorem 2 Let p € L*(Q,), supp p C By(0) and the
system {¢o(x —a) : a € I,} be orthonormal. Aziom (b)
holds for the spaces V; generated by ¢ (i.e., UjezV; =

L*(Qy)) if and only if
Jsup &(0') = Q.

jET.

Theorem 3 If ¢ € L*(Q,) and {p(x —a):a € I,} is
an orthonormal system, then aziom (c) holds for the
spaces V; generated by ¢ (ie., NjezV; = {0}).

Theorem 4 Let ¢ be a refinable function such that
suppp C By(0). If |p(&)] = 1 for all £ € By(0) then
the system {p(x —a) : a € I,} is orthonormal.



Proposition 5 If ¢ € L*(Q,) is a refinable function
satisfying

16 = mo (-5) 2i0¢),

P(€) is continuous at the point 0 and p(0) # 0, then

ﬂ@—ﬂmjfm(g). )

, pJ
ji

Proposition 6 If { is defined by (1), where my is a
trigonometric polynomial and my(0) = 1, then ¢ is a
refinable locally-constant function.

Proposition 7 Let ¢ be defined by (1), where my is a
trigonometric polynomial of order p*—1. If mg(0) = 1,
mo(][%) = 0 for all k = 1,...,p° — 1 which are not
divisible by p, then supp P C By(0), p € L*(Q,). If,
furthermore, \mo(]%)] =1 forallk =1,....p° —1
which are divisible by p, then |p(z)| = |p(0)] for any
x € By(0).

Due to Theorems 1-4, the refinable functions
with masks satisfying the hypotheses of Propo-
sition 7 generate MR As.
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Theorem 8 Let © be defined by (1), where mq is a
trigonometric polynomial of order p°—1. If the system
{o(x —a) : a € L,} is orthonormal, supp o C By(0),

then \mg(]%)] = 0 whenever k is not divisible by p,
and ]mg(ﬁ)\ = 1 whenever k is divisible by p, k =

Conjecture: it does not exist compactly supported
refinable functions with mutually orthogonal shifts
{o(x —a) : a € I,} whose Fourier transform is not
supported in By(0).



Example p =2, s = 3,

mo(1/4) = my(3/8) = m0(7/16)

suppp C Bi(0), suppp ¢ Bo(0),
P(3) =23 =3(%) =3 =d(1) =3(5) = 0.

Axiom (a) will be fulfilled whenever

(x——) Z%Tcp(a:——>, k=123,

which is equivalent to

s (5) = mi (§) o0, k=123

7

whete my(€) = § 3= 9 a(rS)

5/16) = 0.
) = ¢(3) =

my(1
o3

P(8€)(mo(€)x2(kE)) —mp(§)) =0, k=1,2,3,
These equalities will be fulfilled for any & € Q whenever
they are fulfilled for £ =1/16,1=0,4,6,7,8,12,14,15.

Proposition 9 For any refinable function whose Fourier
transform is in B1(0) but not in By(0) the shift system
{o(x —a) :a € I} is not orthogonal.
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Construction of wavelet bases

Wy =V, 6 W, j ez,
¢(V)EWO,V:1,...,p—1
(" (z —a),a € I,,v e A} ONB for W,

51/u50a7 V,le,...,p—l,

511

(0 0 ... 0 1\
1 0 ... 0 0
B:%(ﬁo,...,ﬁps_l)T,S: 0 1 ... 0 0

\ 00 ... 1 0)
Find G, = %(%0, o) =1, p— 1,
such that the matrix

(S°B,...,8"B,S°Gy,...,8"Gy,...,5°G, \,...,5"G,1)

is unitary (r = p*~ ! —1).
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Example s=1

mo(O):Lmo(E):O,k:L---,p—l

{\/_ QMkl}kl 0,....p— 1—(B Gl;---aGp—l)

V(@) = (G U|el) v =1, p = 1

Theorem 10 Let p = 2. The function

)

is a wavelet function for the Haar MRA iff

25—1
@ = 27 (~1F 3 e k=0, 2 - 1,

where v, € C, || =1.
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Example s=2p=3.
mo( ) = 0 if k is not divisible by 3,
mol0) = 1, mo(3) = mo(2) = -1

mo(z) = 372(—= 14224222 —23+221422° - 204+2274228),

where z = 2™

( 17 ’£|p — 37
-~ _17 5_ 1 < 1
R S ot
—17 ’5—2‘]7 < 3

\ 07 ’5’10 Z 3

( _%7 ’x’p < %
2 Jz—-1,<1

plr)=4¢ 3 S

%7 |$ %|p S 1

. 0 |33’p > 9

— %Q(Bx‘p)(l _ 62m’{$}3 _ 647rz'{:1:}3).
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B=-1(-1,22-122-1,22)/"

L~
(B,SB, S*B,G1,SG1, S?’G1, G, SGa, S*G5)

G = TQOO —1,0,0,0,0,0)"
Gy = %QOOJﬁO —2,0,0)7

P =1 [3(0(%) = o5 — 3)),
Y@ = S5(p(5) + (5 —3) — 20(5 — 3))
¢
_ %7 ‘x‘p S %7
b =4 b -1, <d
07 ‘QZ o 2’]9 < %7
\ 0, x|, > 3;
)
_%7 ‘x‘p S %7
1 1
w(?)(aj) _ ! |z — 1‘1? < 3
\/57 ‘ZE - 2‘]) S %7
07 |£E|p > 3
\
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